We propose a transformation method that simplifies quantitative analysis in the ⌳-type electromagnetically induced transparency ͑EIT͒ system containing degenerate Zeeman states. This transformation maps several coupled three-state systems into a simple three-state system. Moreover, we demonstrate that the transformation is an excellent approximation under adiabatic conditions and the calculation results from several coupled systems are in good agreement with those from the simple system. The transformation method is a powerful tool for relevant studies of EIT, slow light, and storage of light. DOI: 10.1103/PhysRevA.76.033817 PACS number͑s͒: 42.50.Gy, 32.80.Ϫt, 32.80.Qk Electromagnetically induced transparency ͑EIT͒ is a phenomenon of quantum interference in which the presence of a coupling field makes the medium transparent for a probe field ͓1-6͔. Due to the EIT effect, the large frequency dispersion gives rise to ultralow group velocity of the probe pulse ͓7-13͔. This ultralow group velocity can greatly enhance optical nonlinearity at low light levels ͓14-20͔. As a type of information carrier, photons have the advantage of weak interaction with the environment, such that the carried information is intact during transmission. On the other hand, the nature of the weak interaction also makes the localization and storage of photons difficult. Based on the EIT effect, this difficulty is resolved by adiabatically switching off the coupling field to store the probe pulse in the medium and by the reverse process to retrieve the stored pulse ͓21-24͔. Such storage and retrieval of photonic information is coherent and provides the way to transfer a quantum state between light and matter ͓25-30͔. Thus, slow light as well as the storage of light arising from EIT has potential applications in low-lightlevel nonlinear optics and manipulation of quantum information.
Electromagnetically induced transparency ͑EIT͒ is a phenomenon of quantum interference in which the presence of a coupling field makes the medium transparent for a probe field ͓1-6͔. Due to the EIT effect, the large frequency dispersion gives rise to ultralow group velocity of the probe pulse ͓7-13͔. This ultralow group velocity can greatly enhance optical nonlinearity at low light levels ͓14-20͔. As a type of information carrier, photons have the advantage of weak interaction with the environment, such that the carried information is intact during transmission. On the other hand, the nature of the weak interaction also makes the localization and storage of photons difficult. Based on the EIT effect, this difficulty is resolved by adiabatically switching off the coupling field to store the probe pulse in the medium and by the reverse process to retrieve the stored pulse ͓21-24͔. Such storage and retrieval of photonic information is coherent and provides the way to transfer a quantum state between light and matter ͓25-30͔. Thus, slow light as well as the storage of light arising from EIT has potential applications in low-lightlevel nonlinear optics and manipulation of quantum information.
Most theoretical predictions and data analysis in the literature consider only a simple three-state EIT system, which motivated the present work. In our previous experiments ͓30-33͔, we studied the storage of light and slow light in laser-cooled 87 Rb atoms. The coupling and probe fields drove the ͉5S 1/2 , F =2͘ → ͉5P 3/2 , FЈ =2͘ and ͉5S 1/2 , F =1͘ → ͉5P 3/2 , FЈ =2͘ transitions, respectively. Both fields were circularly polarized with the same helicity. Considering the degenerate Zeeman states, there are three sets of ⌳-type EIT subsystems as shown in Fig. 1͑a͒ . The three subsystems are coupled via the probe field. In Refs. ͓32,34,35͔, we have also demonstrated that the degenerate Zeeman states play an important role in the relevant studies of EIT and should be taken into consideration in the quantitative analysis. In the present work, we studied how to transform several coupled three-state systems ͓e.g., Fig. 1͑a͔͒ into a simple three-state system ͓e.g., Fig. 1͑b͔͒ and the conditions where the transformation is a good approximation. We consider a three-level system where the probe and coupling fields drive the ͉1͘ → ͉3͘ and ͉2͘ → ͉3͘ transitions and spontaneous decay occurs only in ͉3͘. Because of the degenerate Zeeman states, the system consists of several ⌳-type EIT subsystems ͓e.g., Fig. 1͑a͔͒ . We set the coupling and probe fields to their resonance frequencies and treat the probe field as a perturbation. The Maxwell-Schrödinger equation of the probe field and the optical Bloch equation of the density-matrix operator are given by 1 c
In the equations above, j represents each of the subsystems, 31,j is the amplitude of the optical coherence of each probe *yu@phys.nthu.edu.tw
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͑a͒ Three coupled ⌳-type EIT systems in our experiments. ⍀ p,j and ⍀ c,j are the Rabi frequencies of the probe and coupling fields, where j = −1, 0, and +1 denote the systems containing the ͉m =−1,0, +1͘ ground states. The Clebsch-Gordan coefficients of the probe and coupling transitions are C p,j = ͱ 1/12ϫ ͑1, ͱ 3, ͱ 6͒ and C c,j = ͱ 1/12ϫ ͑ ͱ 3, ͱ 3, ͱ 2͒, respectively. ͑b͒ The simple system which is equivalent to the three coupled systems. ⍀ p and ⍀ c are the probe and coupling Rabi frequencies in this equivalent system. transition, 21,j is the amplitude of the coherence between states ͉1͘ and ͉2͘, P j is the population of the state ͉1͘ in each subsystem, ⍀ p,j and ⍀ c,j are the probe and coupling Rabi frequencies, ⌫ is the spontaneous decay rate of the state ͉3͘, ␥ is the relaxation rate of 21,j , E p is the amplitude of the probe electric field, is the wavelength, N is the number density of the atoms, and p,j is the electric dipole moment of the corresponding probe transition. If there are j subsystems, the number of the above coupled equations will be 2j + 1. All p,j differ only by a factor of the Clebsch-Gordan coefficient C p,j of the corresponding probe transition. We can express p,j as C p,j p , where p is the same for all the subsystems. Because ⍀ p,j = C p,j p E p / ប, we use the notation of
The above equations can be rewritten as
where =3 2 N⌫ / ͑4͒. Figure 2 shows the experimental data from Fig 
In the equations above, ⍀ p and ⍀ c are the Rabi frequencies of the probe and coupling fields, 31 and 21 are the amplitudes of the probe coherence and the ground-state coherence, and is defined as ␣⌫ / ͑2L͒ where ␣ is the optical density of the medium and L is the medium length. We first tried to derive Eq. ͑8͒ from different linear combinations of Eq. ͑5͒ of all subsystems and Eq. ͑9͒ from Eq. ͑6͒ in a similar way, and did not succeed. The derivation process indicates that some constraint on the variables is required. We find that Eqs. ͑4͒-͑6͒ can be transformed to Eqs. 
͑Color online͒ Black solid line is the input probe pulse. Red ͑gray in print͒ solid and black dotted lines are the output probe pulses calculated from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒, respectively. Light gray dashed line is also calculated from Eqs. ͑7͒-͑9͒, but ⍀ c is replaced by the root-mean-square Rabi frequency of
The Clebsch-Gordan coefficients are indicated in the caption of Fig. 1 and P −1 = P 0 = P +1 =1/3. The input probe pulse is proportional to the Gaussian function of exp͑−t 2 / 2 ͒, where =79/⌫. In ͑a͒, L / ⌫ = 13, ⍀ c = 0.630⌫, ⍀ c = 0.276⌫, and ␥ =0. In ͑b͒, L / ⌫ and the coupling intensity are increased 300-and 100-fold, respectively.
͑7͒-͑9͒ if the following equation is utilized as the constraint:
Utilization of the above equation is a reasonable guess, because in most of the relevant experiments the frequency bandwidth of the probe pulse is much less than the EIT bandwidth or the adiabatic condition is satisfied, i.e.,
is the consequence of the adiabatic condition.
The relation between the variables and parameters of Eqs. ͑4͒-͑6͒ and those of Eqs. ͑7͒-͑9͒ are given by
Under Eq. ͑10͒, 21 is also equal to −⍀ p / ⍀ c . Please note that the transformation cannot be applied to magnetically mixed systems. In Fig. 3 , the black dotted lines show the calculation result from Eqs. ͑7͒-͑9͒. The calculation parameters of the black dotted line are the same as those of the red solid line calculated from Eqs. ͑4͒-͑6͒. As the input probe pulse is the Gaussian function of ⍀ p ͑x =0͒ = ⍀ p0 exp͑−t 2 / 2 ͒, we define
A can approximately indicate the degree of adiabaticity as well as the ratio of the probe pulse bandwidth to the EIT bandwidth. Although A = 0.33 is not much less than 1, the black dotted and red solid lines still nearly overlap. On the other hand, the light-gray dashed lines in Fig. 3 are also the calculation results from Eqs. ͑7͒-͑9͒ with the same calculation parameters, but the root-mean-square Rabi frequency of the coupling field, i.e., ͱ ͚ j P j ͑C c,j ⍀ c ͒ 2 , is used in Eqs. ͑8͒
and ͑9͒. The discrepancy between the light-gray dashed and red solid lines is obvious. It indicates that using the rootmean-square values directly to transform several EIT systems to a simple EIT system can result in quantitative errors. We tested the consistency between the calculation results from Eqs. ͑4͒-͑6͒ and those from Eqs. ͑7͒-͑9͒ with the same A but different sets of Clebsch-Gordan coefficients. Variation of all C p,j 's by the same factor does not change the consistency at all, neither does variation of all C c,j 's by the same factor. Increasing the differences among C c,j 's degrades the consistency significantly. Figure 4͑a͒ representatively demonstrates the discrepancy between the calculation results from Eqs. ͑4͒-͑6͒ ͑red solid line͒ and from Eqs. ͑7͒-͑9͒ ͑black dotted line͒. All the calculation parameters and A in Fig. 4͑a͒ are the same as those in Fig. 3͑a͒ , except that the differences among the C c,j 's are increased. We choose C c,j 's such that both ⍀ c and ⍀ c in Fig. 4͑a͒ are also the same as those in Fig. 3͑a͒ . The discrepancy between the two calculations caused by increasing the differences among the C c,j 's is obvious. On the other hand, increasing the differences among C p,j 's has only a little effect.
To understand the influence of the Clebsch-Gordan coefficients, the three equations for the simple EIT system are derived from Eqs. ͑4͒-͑6͒ with the relations in Eqs. ͑12͒-͑16͒ but without the constraint in Eq. ͑10͒. We are able to obtain Eqs. ͑7͒ and ͑9͒, but Eq. ͑8͒ becomes
where Red ͑gray in print͒ solid and black dotted lines are the output probe pulses calculated from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒, respectively. In the main plot ͑a͒, all the calculation parameters including ⍀ c and ⍀ c are the same as those in Fig. 3͑a͒ except that C c,j = ͱ 2/39͑1, ͱ 3,3͒ and ͓f͑C c,j 2 , P j C p,j 2 ͔͒ −1 = 0.51. In Fig. 3͑a͒ , A = 0.33, which is kept unchanged here, and ͓f͑C c,j 2 , P j C p,j 2 ͔͒ −1 = 14. In the inset ͑b͒, all the calculation parameters are the same as those in ͑a͒ except that the coupling intensity is increased tenfold and A = 0.033. and 21 is obtained in the following procedure. According to Eqs. ͑5͒ and ͑6͒, 21,j obeys the equation given by
Let 21,j be represented by the following expansion series:
After 21,j in Eq. ͑22͒ is replaced by the expansion series, we solve the equation and obtain
Because ͑C c,j ⍀ c ͒ 2 ӷ⌫␥ and ⌫ӷ␥, the second terms in all the parentheses in the above two equations are negligible. Based on 21,j ͑0͒ and 21,j ͑1͒ , the zeroth-and first-order 21 Ј 's and 21 's are given by
where
Finally, the difference between 21 Ј and 21 is
͑32͒
From the above equation, we can see that variation of all C p,j 's or all C c,j 's by the same factor does not affect the difference between 21 Ј and 21 , and the consistency between the calculation results from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒ remains unchanged. Equation ͑31͒ also shows that increasing the differences among C c,j 's can degrade the consistency significantly while ⍀ c , ⍀ c , and A are kept the same. Hence, the condition that Eqs. ͑4͒-͑6͒ and Eqs. ͑7͒-͑9͒ are well equivalent is actually
explains that the calculation results from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒ nearly overlap in Fig. 3͑a͒ even though A Ӷ 1 is not satisfied. In Fig.  4͑b͒ , the intensity of the coupling field is increased tenfold and all the other calculation parameters are the same as those in Fig. 4͑a͒ . Because A now becomes much less than ͓f͑C c,j 2 , P j C p,j 2 ͔͒ −1 in Fig. 4͑b͒ , the two calculation results from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒ are in good agreement.
We also consider another system of 87 Rb atoms. The probe field drives the ⌬m = 0 transitions from the ͉5S 1/2 , F =1͘ to ͉5P 3/2 , FЈ =1͘ states and the coupling field drives the ⌬m = + 1 transitions from the ͉5S 1/2 , F =2͘ to ͉5P 3/2 , FЈ =1͘ states. Because the ͉5S 1/2 , F =1,m =0͘ → ͉5P 3/2 , FЈ =1,m =0͘ transition is forbidden, there are two EIT subsystems. The Clebsch-Gordan coefficients of the coupling and probe tran- Rb atoms with ͓f͑C c,j 2 , P j C p,j 2 ͔͒ −1 = 0.98. This system is described in the text. Black solid line is the input probe pulse. Red ͑gray in print͒ solid and black dotted lines are the output probe pulses calculated from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒, respectively. In the main plot ͑a͒, we increase ⍀ c to 1.63⌫ to maintain A = 0.33 and keep all the other parameters the same as those in Fig. 3͑a͒ . In the inset ͑b͒, we further increase the coupling intensity tenfold to obtain A = 0.033. results calculated from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒ and demonstrates again that the equivalency of the two sets of equations depends on whether the condition in Eq. ͑33͒ is satisfied.
In Fig. 6 , we consider the storage and retrieval of light pulses in the same conditions as in Fig. 3͑b͒ . The calculation results from Eqs. ͑7͒-͑9͒ shown by the black dotted lines are compared with those from Eqs. ͑4͒-͑6͒ shown by the red solid lines. The rise times of switching on the coupling field in Figs. 6͑a͒-6͑c͒ are 0.30, 3.0, and 30 1 / ⌫, respectively. We use the hyperbolic tangent function to simulate the switching of the coupling field, and the rise time is defined as the time from 10% to 90% of the steady-state coupling intensity. The two calculation results are in good agreement, even with the rise time shorter than the excited-state lifetime or the rise time long enough that the retrieved pulse shape distorts significantly. Because the large in Eq. ͑4͒ makes all 31,j 's negligible during the switching process, Eq. ͑10͒ is automatically satisfied according to Eq. ͑5͒. The transformation from Eqs. ͑4͒-͑6͒ to Eqs. ͑7͒-͑9͒ is also an excellent approximation during the process when the coupling field is switched.
In conclusion, we have demonstrated the transformation that maps several coupled ⌳-type EIT systems described by Eqs. ͑4͒-͑6͒ into one simple system described by Eqs. ͑7͒-͑9͒. Under the adiabatic condition shown in Eq. ͑33͒, the theoretical predictions of slow light and storage of light calculated from Eqs. ͑4͒-͑6͒ and from Eqs. ͑7͒-͑9͒ are in good agreement. This transformation method simplifies quantitative analysis and will be a powerful tool in the relevant studies. Red ͑gray in print͒ solid and black dotted lines are the output probe pulses calculated from Eqs. ͑4͒-͑6͒ and Eqs. ͑7͒-͑9͒, respectively. The calculation parameters are the same as those in Fig. 3͑b͒ . The rise times of switching on the coupling field are 0.30, 3.0, and 30 1 / ⌫ in ͑a͒, ͑b͒, and ͑c͒. The vertical axis on the right is proportional to the intensity of the coupling field.
